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Abstract We obtain the exact analytical solution of the Klein-Gordon equation for the expo-
nential vector and scalar potentials by using the asymptotic iteration method. For the scalar
potential greater than the vector potential case, the exact bound state energy eigenvalues
and corresponding eigenfunctions are presented. The bound state eigenfunction solutions
are obtained in terms of the confluent hypergeometric functions.

Keywords Asymptotic iteration method · Klein-Gordon equation · Equal vector and scalar
potentials · Eigenvalues and eigenfunctions

1 Introduction

Since the exact solutions of the Klein-Gordon and Dirac equations with any potentials play
an important role in relativistic quantum physics, there has been an increased interest in find-
ing exact solutions of these equations with physical potentials by using different technics
[4–16], i.e., supersymmetry (SUSY) [1], supersymmetric WKB approach [2], Nikiforov-
Uvarov methods [3]. In the literature, there have been many studies in obtaining the exact so-
lutions of the Klein-Gordon and Dirac equations with equally mixed potentials for some po-
tentials such as the three-dimensional harmonic oscillator [4], Hulthén potential [5], pseudo-
harmonic oscillator [6], ring-shaped Kratzer-type potential [7], ring-shaped non-spherical
oscillator [8], double ring-shaped oscillator [9], Hartmann potential [10], Rosen-Morse-type
potential [11], generalized symmetrical double-well potential [12], Scarf-type potential [13],
generalized Pöschl-Teller potential [14], etc.
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In the present article, we investigate the calculation of the bound state energy eigenval-
ues and the corresponding eigenfunctions of exactly solvable exponential scalar and vector
potentials for the s-wave in the radial Klein-Gordon equation within the framework of the
asymptotic iteration method (AIM). In the next section, we briefly outline AIM. In Sect. 3,
the general bound state energy eigenvalues and the corresponding eigenfunction expressions
for exponential scalar and vector potentials are given. Finally, in Sect. 4, we remark on these
results.

2 The Asymptotic Iteration Method

AIM [15–20] is proposed and applied to solve the second-order differential equations of the
form

y ′′
n(x) = λ0(x)y ′

n(x) + s0(x)yn(x), (1)

where λ0(x) �= 0 and the prime denotes the derivative with respect to x. The variables, s0(x)

and λ0(x), are sufficiently differentiable. To find a general solution to this equation, we
differentiate (1) with respect to x and find

y ′′′
n (x) = λ1(x)y ′

n(x) + s1(x)yn(x), (2)

where

λ1(x) = λ′
0(x) + s0(x) + λ2

0(x),
(3)

s1(x) = s ′
0(x) + s0(x)λ0(x).

Similarly, the second derivative of (1) yields

y(4)
n (x) = λ2(x)y ′

n(x) + s2(x)yn(x), (4)

where

λ2(x) = λ′
1(x) + s1(x) + λ0(x)λ1(x),

(5)
s2(x) = s ′

1(x) + s0(x)λ1(x).

Equation (1) can be easily iterated up to (k + 1)th and (k + 2)th derivatives, k = 1,2,3, . . . .
Therefore, we have

y(k+1)
n (x) = λk−1(x)y ′

n(x) + sk−1(x)yn(x),
(6)

y(k+2)
n (x) = λk(x)y ′

n(x) + sk(x)yn(x),

where

λk(x) = λ′
k−1(x) + sk−1(x) + λ0(x)λk−1(x),

(7)
sk(x) = s ′

k−1(x) + s0(x)λk−1(x),

which are called as the recurrence relation. From the ratio of the (k + 2)th and (k + 1)th
derivatives, we have

d

dx
ln[y(k+1)

n (x)] = y(k+2)
n (x)

y
(k+1)
n (x)

= λk(x)[y ′
n(x) + sk(x)

λk(x)
yn(x)]

λk−1(x)[y ′
n(x) + sk−1(x)

λk−1(x)
yn(x)] . (8)
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For sufficiently large k, if

sk(x)

λk(x)
= sk−1(x)

λk−1(x)
= α(x), (9)

which is the “asymptotic” aspect of the method, then, (8) is reduced to

d

dx
ln[y(k+1)

n (x)] = λk(x)

λk−1(x)
, (10)

which yields

y(k+1)
n (x) = C1 exp

(∫
λk(x)

λk−1(x)
dx

)
= C1λk−1(x) exp

(∫
[α(x) + λ0(x)]dx

)
, (11)

where C1 is the integration constant and the right hand side of (11) is obtained by using (9)
and (10). By inserting (11) into (6), the first-order differential equation is obtained as

y ′
n(x) + α(x)yn(x) = C1 exp

(∫
[α(x) + λ0(x)]dx

)
. (12)

This first order differential equation can easily be solved and the general solution of (1) can
be obtained as:

yn(x) = exp

(
−

∫ x

α(x1)dx1

)[
C2 + C1

∫ x

exp

(∫ x1

[λ0(x2) + 2α(x2)]dx2

)
dx1

]
.

(13)
For a given potential, the radial Schrödinger equation is converted to the form of (1). Then,
s0(x) and λ0(x) are determined and sk(x) and λk(x) parameters are calculated by the recur-
rence relations given by (7).

The termination condition of the method in (9) can be arranged as

�k(x) = λk(x)sk−1(x) − λk−1(x)sk(x) = 0, (14)

where k shows the iteration number. For the exactly solvable potentials, the energy eigen-
values are obtained from the roots of (14) and the radial quantum number n is equal to the
iteration number k for this case. For nontrivial potentials that have no exact solutions, for a
specific n principal quantum number, we choose a suitable x0 point, determined generally as
the maximum value of the asymptotic wave function or the minimum value of the potential
[16, 17, 20, 21] and the approximate energy eigenvalues are obtained from the roots of (14)
for sufficiently great values of k with iteration for which k is always greater than n in these
numerical solutions.

The general solution of (1) is given by (13). The first part of (13) gives us the polyno-
mial solutions that are convergent and physical, whereas the second part of (13) gives us
non-physical solutions that are divergent. Although (13) is the general solution of (1), we
take the coefficient of the second part (C1) as zero, in order to find the square integrable
solutions. Therefore, the corresponding eigenfunctions can be derived from the following
wave function generator for exactly solvable potentials:

yn(x) = C2 exp

(
−

∫ x sn(x1)

λn(x1)
dx1

)
, (15)

where n represents the principal quantum number.
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3 Bound State Solutions of the Mixed Exponential Potential

In the relativistic atomic units (� = c = 1), for a spinless particle, time independent radial
s-wave Klein-Gordon equation [11, 22, 23] with the radial vector V (r) and scalar S(r)

potentials is written as follows

d2

dr2
u(r) + [(E − V (r))2 − (m + S(r))2]u(r) = 0, (16)

where the radial wave function is ψ(r) = u(r)

r
. If we take the exponential-type scalar and

vector potentials case, the potentials can be given as

S(r) = −S0e
−γ r , V (r) = −V0e

−γ r , (17)

where S0, V0 and γ are constants. For the real bound state, we should choose S0 ≥ V0 and
m > E [22, 24]. Substituting the potentials in (16), we get

d2

dr2
u(r) − [K1e

−2γ r + K2e
−γ r − E2 + m2]u(r) = 0, (18)

where

K1 = S2
0 − V 2

0 , K2 = −(2mS0 + 2EV0). (19)

Let us introduce

VK(r) = K1e
−2γ r + K2e

−γ r , (20)

which is called Klein-Gordon-Morse potential [26]. If we take V0 = 0, VK(r) turns into the
standard Morse potential. Equation (18) takes the form

[
− d2

dr2
+ VK(r) − E2 + m2

]
u(r) = 0. (21)

Defining a new variable such as s = e−γ r , we can find

[
d2

ds2
+ 1

s

d

ds
− χ2 − ξ

s
+ εn

s2

]
u(s) = 0, (22)

where

χ = −
√

K1

γ
, ξ = K2

γ 2
, εn =

√
m2 − E2

n

γ
. (23)

To solve (22) by using AIM, similar to references [11, 25], we propose the following physi-
cal wave function

u(s) = sεneχsf (s). (24)

Inserting this wave function, (22) gives us

d2

ds2
f (s) = − (2εn + 2χs + 1)

s

d

ds
f (s) − (2εnχ + χ − ξ)

s
f (s). (25)

This differential equation has the same form as (1). Therefore, we can use AIM to get general
solution of (25). Comparing (22) with (25), we obtain λ0(s) and s0(s) and by using the
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recursion relation, we calculate λk(s) and sk(s). Combining these results with the condition
given by (14) yields

s0λ1 − s1λ0 = 0 ⇒ ε0 = ξ − χ

2χ
,

s1λ2 − s2λ1 = 0 ⇒ ε1 = ξ − 3χ

2χ
, (26)

s2λ3 − s3λ2 = 0 ⇒ ε2 = ξ − 5χ

2χ
, etc.

If we generalize the above equations, the eigenvalues are obtained as

εn = ξ − (2n + 1)χ

2χ
, n = 0,1,2, . . . . (27)

Using (23), we can obtain the energy eigenvalues of the exponential-type scalar and vector
potentials as

E2
n = m2 −

(
γ n + γ

2
+ 1

2

K2√
K1

)2

. (28)

This result is the same as in [26]. Substituting (19) into (28), we get

En =
−κn ±

√
κ2

n − 4S2
0ωn

2S2
0

, (29)

where

κn = −2γ

(
n + 1

2

)
V0

√
S2

0 − V 2
0 + 2mS0V0, (30)

ωn = γ 2

(
n + 1

2

)
(S2

0 − V 2
0 ) − 2γ

(
n + 1

2

)
mS0

√
S2

0 − V 2
0 + m2V 2

0 . (31)

Now we can calculate the corresponding unnormalized eigenfunctions by using the wave
function generator given by (15)

fn(s) = (−1)nC2
�(n + 2εn + 1)

�(2εn + 1)
1F1(−n,2εn + 1;−2χs), (32)

where � and 1F1 are known as the gamma and the confluent hypergeometric functions,
respectively [27]. Therefore, we can write the total radial wave function by using (24) and
(32) as

un(s) = Nsεneχs
1F1(−n,2εn + 1;−2χs), (33)

where N is normalization constant.
After we get the energy eigenvalues and eigenfunctions of the radial s-wave Klein-

Gordon equation for the exponential scalar and vector potentials, we can consider some
special cases. When the scalar potential stronger than the vector potential (S0 > V0), there
is always a bound state. If we consider S0 �= 0 and V0 = 0 case, the ground state energy is
given by E2

0 = am− a2/4 for m > a/4. If the scalar potential is equal to the vector potential
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(S0 = V0), (16) reduces to a Schrödinger-type differential equation which solutions are rep-
resented by Bessel functions. If S0 < V0 and S0 = 0, V0 �= 0, there is no bound state and the
wave functions do not reach any limit since the parameter K1 becomes a complex number.

4 Conclusion

In this article, we have shown that the radial s-wave Klein-Gordon equation can be solved
exactly by using the asymptotic iteration method under exponential-type scalar and vector
potentials where the scalar potential greater than its vector one. The wave functions are pre-
sented by confluent hypergeometric functions. The wave functions and energy eigenvalues
are in good agreement with the result obtained by other methods. We have also discussed
some special cases.

The asymptotic iteration method used in this paper is an elegant and powerful technique.
If there are analytically solvable potentials, it provides the closed-forms for the energy eigen-
values as well as the corresponding eigenfunctions. But, if there is no such a solution, the
energy eigenvalues are obtained by using an iterative approach [16, 19, 20]. It is worth ex-
tending this method to examine other potentials. The results are sufficiently accurate for
practical purposes.
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25. Eğrifes, H., Demirhan, D., Büyükkiliç, F.: Phys. Scr. 60, 195 (1999)
26. Chen, G.: Phys. Lett. A 339, 300 (2005)
27. Arfken, G.B., Weber, H.J.: Mathematical Methods for Physicists. Academic Press, San Diego (1995)


	Exact Solutions of Klein-Gordon Equation with Exponential Scalar and Vector Potentials
	Abstract
	Introduction
	The Asymptotic Iteration Method
	Bound State Solutions of the Mixed Exponential Potential
	Conclusion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


